Electrically driven impact microactuators generate nanoscale displacements without large driving distances and high voltages. These systems exhibit complex dynamics because of inherent nonlinearities due to impacts, friction, and electric forces. As a result, dramatic changes in system behavior, associated with socalled grazing bifurcations, may occur during the transition between impacting and nonimpacting dynamics, including the presence of robust chaos. For successful open-loop operating conditions, the system design is limited to certain parameter regions, where desired system responses reside. The objective of this paper is to overcome this limitation to allow for a more precise displacement manipulation using impact microactuators. This is achieved through a closed-loop feedback scheme that successfully controls the system dynamics in the near-grazing region.
Introduction
Precise displacement manipulation is required in microscopes, in the assembly of micromachines, for nanoscale data storage, and during microsurgery. Impact microactuators driven by electric forces to obtain precise positioning have been studied extensively [1, 2, 3, 4] , since they can generate linear or rotational motion without complicated mechanical linkages. Other advantages of impact microactuators include ease of fabrication, capability of batch processing, robustness to environmental perturbations, high accuracy, and high power output.
An impact actuator usually consists of an oscillator that, under nominal working conditions, impacts a stopper and thereby produces large impulsive forces that cause a slider (sometimes the whole actuator) to move relative to its surroundings. The presence of impacts results in an inherently nonlinear mechanical system. Previous studies of the voltage and frequency response of impact microactuators under periodic excitation have found irregular, characteristically nonlinear behavior in different regions of parameter space [3, 4, 5, 6] .
In the absence of forcing, the only asymptotic motion of the oscillating component of an impact actuator is the trivial equilibrium. For sufficiently low-amplitude periodic excitation, the oscillator experiences a periodic motion without impacting the stopper. At certain critical excitation amplitudes, the oscillator impacts the stopper with zero relative velocity corresponding to a grazing contact of a system trajectory with a discontinuity surface in state space. The subsequent onset of impacting motions under changes in system parameters has been shown to be associated with dramatic changes in the system response [5, 7] . Improvements in the function of impact microactuators (e.g., motion along a robust periodic system trajectory) may be achieved through passive redesign of system properties or the active imposition of feedback control. The purpose of this paper is to show how the presence of discontinuities due to impacts can be successfully exploited for controlling the system dynamics.
The paper is organized as follows. Section 2 presents a brief review of the model formulation and its dynamics. Section 3 develops a control strategy, outlined for a prototype impact microactuator, to control the character of near-grazing dynamics. A concluding discussion is presented in Section 4. 
Mathematical Model
A schematic model of the microactuator fabricated by Mita and associates [2] is shown in Fig. 1 . The actual dimensions of the actuator are 3mm×3mm×0.6mm. Impulsive forces are generated as electrostatic actuation results in collisions between a silicon micromass m 2 and the stoppers. The movable block m 2 , acting as one of the electrodes, is connected to a frame of mass m 1 by a linear spring and damper. The stoppers and the other electrode are rigidly fixed to the frame. The frame is assumed to rest on a horizontal substrate. Friction between the frame and the ground is modelled using Coulomb friction during slip and Amonton's law during stick. We denote the coefficient of static friction by μ s and that of dynamic friction by μ d .
When a driving voltage v (t) is applied between the electrodes, the movable block is accelerated toward the stoppers until an impact occurs with the stoppers. In the analysis below, we assume that the impact impulse is large enough to overcome the static friction between the frame and the ground for all impact velocities. As a result, an impact produces a small displacement of the frame. When a periodically varying voltage is applied, there are repeated impacts, thereby producing the needed displacement over some period of time. 
Equations of Motion
The dynamics of the microactuator can be decomposed into distinct phases separated by the occurrence of impacts and the associated onset of slip as well as the subsequent cessation of slip through an instantaneous transition to stick. Specifically, introduce the state vector
where q 1 and u 1 are the displacement and velocity, respectively, of the frame relative to the ground; q 2 and u 2 are the displacement and velocity, respectively, of the movable block relative to the frame; θ = ωt mod 2π is the phase of the sinusoidally varying driving voltage v (t) = V sin (ω t); and δ is the zero-voltage distance between the stoppers and the movable block. During stick, the equations of motion can then be written as
where
d is the zero-voltage gap between the electrodes, and α = 1 2 0 A. Here, 0 is the permittivity of free space and A is the overlap area. These equations of motion are valid as long as
and
where N = (m 1 + m 2 ) g is the normal reaction from the ground.
During slip, the equations of motion can be written as
where F = m 2 a 2 ∓ μ d N and we use the upper sign when u 1 > 0 and the lower sign when u 1 < 0. Again, these equations of motion are valid as long as
At the moment that contact is established between the movable block and the stoppers, h front (x) or h back (x) equals zero. Assuming an inelastic collision with a coefficient of restitution e and using conservation of momentum, the function that maps the state immediately prior to impact to the state immediately after impact is given by the jump map
:The transition from slip to stick occurs as the velocity of the frame relative to the ground becomes zero; that is, as h slip (x) equals zero. Although there is a discontinuous change in the vector field as a result of this transition, there is no associated instantaneous change of state; that is,
The above equations of motion may be normalized following Zhao et al [5] . The nondimensional system parameter values used for numerical computations in this paper are
.27, and α = 1.
System Response
For a given excitation frequency ω, the movable block possesses a periodic nonimpacting oscillation that achieves zero-relative-velocity contact with the stoppers at a certain critical voltage V * . In a state-space description of the dynamics of the system, such zero-relativevelocity contact corresponds to a grazing contact between a state-space trajectory and a discontinuity surface, for example, the zero-level surface of the function h front . Now consider recurrent dynamics of the impact microactuator on some neighborhood of a grazing periodic trajectory and introduce the following notation
where h
To visualize the system response, we introduce a Poincaré section P corresponding to the zero-level surface of the event function h
In the absence of impacts, points on P correspond to local maxima in the value of q 2 along system trajectories (sinceq 2 = u 2 ). Since g impact maps D
+ to D − , trajectories that reach D + experience an instantaneous jump to D − (as the incoming velocity u 2 > 0 is changed to an outgoing velocity −eu 2 < 0). We represent such crossings by the virtual point of intersection with P of the corresponding forward trajectory segment in the absence of the jump in velocity (cf. Fig. 2 ). On a grazing periodic trajectory there exists a locally unique point x * ∈ D 0 . Such a trajectory can be numerically located using a Newton method [5] . Given a critical parameter value V * corresponding to a grazing periodic trajectory, we refer to a system attractor for nearby parameter values V ≈ V * as local if its deviation from the grazing periodic trajectory goes to zero as V → V * and nonlocal otherwise. If a local attractor can be found for values of V in a neighborhood of V * , the bifurcation scenario is said to be continuous and discontinuous otherwise. Figure  3 shows two distinct grazing bifurcation scenarios. In Fig. 3 (a) , a discontinuous transition of the asymptotic motion from a nonimpacting to an impacting periodic trajectory 1 occurs as V is increased above the grazing parameter value V * ; and from an impacting to a nonimpacting periodic trajectory as V is decreased below V sn < V * corresponding to a saddle-node bifurcation. For V ∈ (V sn , V * ), three distinct periodic trajectories 1 Note that an impacting trajectory is said to be periodic if it is periodic in all the state variables except q 1 , which changes by a discrete amount during every sliding episode. Indeed, since the vector field is independent of q 1 , its time history has no effect on the system behavior.
(one nonimpacting and two impacting) coexist. The coexistence of multiple attractors implies the possibility of parameter hysteresis in the long-term response of the impact actuator. As there is no local attractor for V > V * , this is an example of a discontinuous grazing bifurcation.
In contrast, in Fig. 3 (b) , the asymptotic dynamics exhibit a continuous transition between a nonimpacting periodic trajectory and an impacting chaotic attractor. As V is increased above V * , the size of the chaotic attractor grows continuously from the grazing contact point, from which an unstable impacting periodic trajectory also emanates. Under further increases in V , the unstable impacting periodic trajectory becomes stable in a period-doubling bifurcation at V pd . As a local attractor exists for all V on some neighborhood of V * , this is an example of a continuous grazing bifurcation. For more details on near-grazing and post-grazing dynamics of the Mita microactuator, see [5, 6, 8] .
Control of Near-Grazing Dynamics
As shown in the previous section, transitions between nonimpacting and impacting motions in impact actuators are either discontinuous or continuous for different choices of values for the system parameters. To achieve a certain type of grazing transition, the microactuator could be designed to operate in a confined parameter region. Alternatively, an active feedback control algorithm can be formulated to change the bifurcation scenario associated with grazing contacts, as proposed by Dankowicz and Jerrelind [9] .
As shown by Nordmark and associates [10, 11, 12] , necessary and sufficient conditions for the persistence of a local attractor for V ≈ V * may be formulated in terms of a condition on the vector field and jump map near the point of grazing contact and on the linearization of the mechanical system about the grazing trajectory in the absence of impacts. In this section, we rely on this insight for the formulation of a discrete, closedloop control strategy that regulates the persistence of a local attractor by appropriate real-time changes to the position of the stopper. In particular, we illustrate the possibility of dramatically changing the bifurcation scenario associated with grazing contact with a minimum of control. Here, solid curves correspond to stable periodic motions and dashed curves to unstable periodic motions. The black regions correspond to impacting chaotic attractors.
Local Analysis
In contrast to periodic trajectories in smooth systems, the local description in the vicinity of a grazing trajectory is well-known to be nondifferentiable with dramatic implications to the stability of the grazing trajectory and to its persistence under further parameter variations [7, 10] . As there is no advance warning of this instability based simply on an analysis of the nonimpacting system motion, any local description must account for the nonsmooth character of the flow near the grazing trajectory. Analysis of the local dynamics in the vicinity of a grazing trajectory for V ≈ V * is made possible through the introduction of a discontinuity mapping that i) captures the local dynamics in the vicinity of the grazing contact including variations in time-of-flight to the discontinuity and the impact mapping; ii) can be entirely characterized by conditions at the grazing contact; iii) is nonsmooth in the deviation from the point of grazing contact; and iv) can be studied to arbitrary order of accuracy [8, 10, 13, 14] . The properly formulated discontinuity mapping introduces corrections to the otherwise smooth dynamics that account for the brief interaction with the discontinuity.
Ignore, for a moment, the jump map g impact associated with the discontinuity D and the subsequent slipping dynamics due to impacts. The system dynamics are then governed entirely by the vector field f stick . Suppose that a grazing periodic trajectory based at a point x * ∈ P intersects P transversally after some time T . Then, a smooth Poincaré mapping P smooth can be defined on a neighborhood of x * , such that P smooth (x) ∈ P is the unique intersection with P of the forward trajectory through x after some time ≈ T . In particular, P smooth (x * ) = x * .
If we reintroduce the nontrivial jump map, the Poincaré mapping P smooth is still applicable for points x ∈ P as long as h D (x) ≥ 0. If, instead, h D (x) < 0, we recognize that the point x corresponds to a virtual point of intersection that cannot actually be reached by the piecewise smooth dynamical system, as illustrated in Fig. 2 (see also [8, Figure 6] ). For this case, a discontinuity mapping D can be introduced such that P (x) = P smooth (D (x)) maps x to the appropriate (possibly virtual) intersection with P. Following the analysis in Dankowicz & Zhao [8] , the discontinuity mapping D evaluated at x ∈ P can be written in terms of a series expansion in the deviation ∆x = x − x * as follows
For small deviations from x * in the direction of negative values of h D , the discontinuity mapping results in a large stretching in a direction given by the image of the vector β under the jacobian P smooth,x (x * ) of the smooth Poincaré map. Now consider the sequence ξ = {ξ n } ∞ n=1 defined by
(21) Then, as argued by Fredriksson and Nordmark [12] , a necessary and sufficient condition for the persistence of a local attractor for V in some neighborhood of V * (i.e., for a continuous grazing bifurcation) is that ξ is a positive sequence and that the unit vectors parallel to
. Indeed under these conditions, the number of nonimpacting passages near the impact discontinuity D between any two consecutive impacts grows beyond all bounds as V → V * . In particular, this is only possible if the largest-in-modulus eigenvalue of P smooth,x (x * ) is real and positive.
Control Strategy
We seek a feedback control to render ξ n > 0 for all n by changing the position of the front stopper walls when the trajectory intersects a control surface C, where C corresponds to the zero-level surface of h C (x) = u 2 for u 2 increasing, i.e., when the oscillator reaches is maximum displacement relative to the front stopper wall. Denote by x * * the intersection of the grazing periodic trajectory with C. We introduce a discrete change governed by the following map
It follows that P smooth defined in the previous section becomesP
where P P→C smooth and P C→P smooth correspond to the Poincaré maps from P to C and from C to P, respectively. Moreover,P smooth (x * ) = x * , i.e., the grazing periodic trajectory persists under the control strategy. The Jacobian ofP smooth can then be written as a product of the Jacobian of P 
it follows that
where * refers to a nontrivial coefficient, Id 2 is a 2 × 2 identity matrix, and Similarly, values outside such a region may be employed to render the grazing bifurcation discontinuous.
Numerical Results
Suppose that δ * = δ * * = 0.5 and ω = 0.5. Then, a grazing periodic trajectory is obtained for
(28) In this case, ξ 1 ≈ −0.1230 in the absence of control and the corresponding grazing bifurcation is thus discontinuous. The uncontrolled bifurcation diagram is similar to that shown in Fig. 3 (a) . Shown in Fig.  4 (a) is an impacting periodic attractor, to which an initial condition in the vicinity of the grazing trajectory converges for V & V * and which persists for V . V * . Here, the largest-in-modulus eigenvalues of P smooth,x for c 7 = 0 are complex conjugate with modulus ≈ 0.8819. To guarantee the persistence of a local attractor, we let c 7 = 0.89. Then, Fig. 4 (b) shows a subset of the region of values for c 3 and c 5 , such that ξ n > 0 for n ≤ 90. with c 3 = −0.1 and c 5 = −0.2. As shown in Fig. 5(a) , the controlled response is a chaotic attractor close to the grazing periodic trajectory. Figure 5(b) shows the movement of the front stopper walls relative to their original position. Here, the maximum movement is approximately 2.4% of the original zero-voltage gap between the stoppers and the movable block. shows the results of applying the control to the original dynamical system over a larger range in the deviation V − V * . Here, an originally discontinuous grazing bifurcation has been rendered continuous. By a similar approach, one can also render an otherwise continuous grazing bifurcation discontinuous.
Concluding Discussion
This paper has investigated a feedback control algorithm to control the response of an impact microactuator. Even though the analysis presented here was devel- oped for a particular model impact microactuator, the methodology is generic in nature and straightforward to implement for robust function and precise manipulation of any impacting mechanical system.
From a practical point of view, understanding the nature of the transition between nonimpacting and impacting dynamics is an important ingredient in proper design of an impact microactuator. For example, when the grazing bifurcation results in a discontinuous jump to a periodic high-impact-velocity impacting attractor, it is possible to initiate fast displacement manipulation with a small increase of the voltage amplitude. On the other hand, as this type of discontinuous grazing bifurcation is associated with parameter hysteresis, a larger decrease of the voltage amplitude is necessary to return to nonimpacting motions. Moreover, the impacting attractor is associated with a characteristic sliding distance per period thus limiting the displacement resolution. In contrast, a local impacting attractor, emanating from a continuous grazing bifurcation, exhibits very high resolution since the impact velocity reduces to zero at the grazing contact. Thus, the ability to switch between a continuous and discontinuous grazing bifurcation scenario through active control as presented here, enables the switching between the competing design goals of rapid movement and high resolution without extensive redesign and significant change of system parameters.
